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Problem Formulation
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Goal: estimate f that minimizes E[(f(X) — fx(X))?].

Bayes estimator: fr(z) = E[0|X = x| = (z + l)pg@;) .

Regularity constraint: fr(z) < fr(z +1),Vz > 0.
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Related Work
f-modelling: Robbins estimator frop(z) = (2 + 1)%%‘;;2
g-modelling: minimum distance estimator
n A 1
7 = arg mind(p*"P||px) f(z) & (v + 1>p77(:13 U
T pi(z)
Modelling |Empirical performance | Regularity | Speed Optimality
f-modelling Bad No Fast Yes
g-modelling Good Yes Slow Yes
Our method Good Yes Fast Yes
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Empirical Bayes via ERM and Rademacher

complexities: the Poisson model
Soham Jana !, Yury Polyanksiy ¢, Anzo Teh ¢, Yihong Wu 3

1Princeton University MIT 3Yale University

ERM Estimator Derivation

Summation by parts: E[ff(X)] = E[(X + 1)p”(X+1)f(X)} =EXf(X-1)];

pr(X)

fr = arg i B{(/(X) = 0% = g min B[ (X)? 2 /(X — 1]

ferm € argmin B[ f(X)?—2X f(X —1)]
feF

F={f:flz) < f(z+1),Yz >0}

Mixture p(X10) ERM Objective

Geo(h) A4 (1 —6) E[f(X)* = 2f(X) +2f(X — D1 x>0}

NB(r,0) ("1 —0)yeF | R[f(X)?— 258 F(X — 1)1y

NO.D) o (-552) B0 - 2 (X0 +27(X)

Exp(6) | fexp(—0X) BIf(X)2 = 2/'(X))

Table 1. ERM objectives for other mixture models.

ERM Algorithm (Generalized Isotonic Regression)

lterative interval partitioning (stop at b, = Xiax + 1)
1 1 =0
b; = S (a+1)N(ai+1)
! 1 +argming  <ix<x, .. bz_z.}k 1 > 1
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T € |bm, by — 1] ferm(fl?) —

ERM lemma: ferm < Xmax € O(logn) w.h.p.

One-Dimensional Optimality

X 3 2
Bounded prior: 7w € P([0, h]): Regret(ferm) < O (max{l’h} ( log 1 ) )

n log logn

Subexponential prior: m € SubE(s) = {G G([t, 00)]) < 2e7Y5 Yt > O}.

3
Regret ( ferm) < O (max{nl, i (log n)3> .
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Multi-dimensional ERM

02' lflg ™ Xl'jip\sjpoi(@ij),j — 1, s ,d.

A

d
form =argmin K |||£(X)|]> — QZXjfj(X —e;)|,
fer j=1

F={f: 20 —>R]: fi(x) < filx+e),Vi=1, ,d Vo e Z{}.

000000

000000

Fig. 2. X ~'Poi(;)

A d log(n
7 € P([0, h]d) - Regret( ferm) < O(ﬁ max{cy, Czh}dw(b;i(g()n))dﬂ)

Fig. 1. 6; 2 triangle. Fig. 3. Denoised via ferm.

T, ,mg € SubE(s) : Regret (ferm) < O(%(max{(:g, cys}log(n))®H?)
Proof Techniques: Localization, Offset Rademacher

Localized function class: Fx = {f € F: f < Xmax V X} ax }-

Regret (f) < %Tl(n) +- %Tg(n)
n) = _su - e-—1 — f* 2_
Ti(n)=FE _fE]E*izl( i 6>(f<Xz) (X)) _ 7
To(n) =E| sup Z {2€z<f*(Xz)(f*<Xz) — [(X5))
| feFw i

« € P([0,h]): Ti(n), Tr(n) < max{l, h*} M + max{1, h} M?;
M € O(E|[Xnax]);
= 1 € SubE(s): prior truncation — P([0, cslogn]).
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