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Problem Formulation

θi
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Goal: estimate f̂ that minimizes E[(f̂ (X) − fπ(X))2].

Bayes estimator: fπ(x) = E[θ|X = x] = (x + 1)pπ(x+1)
pπ(x) .

Regularity constraint: fπ(x) ≤ fπ(x + 1), ∀x ≥ 0.

RelatedWork

f-modelling: Robbins estimator fRob(x) , (x + 1)N(x+1)
N(x)+1

g-modelling: minimum distance estimator

π̂ = arg min
π

d(pemp||pπ) f̂ (x) , (x + 1)pπ̂(x + 1)
pπ̂(x)

Modelling Empirical performance Regularity Speed Optimality

f-modelling Bad No Fast Yes

g-modelling Good Yes Slow Yes

Our method Good Yes Fast Yes

ERM Estimator Derivation

Summation by parts: E[θf (X)] = E[(X + 1)pπ(X+1)
pπ(X) f (X)] = E[Xf (X − 1)] ;

fπ = arg min
f

E[(f (X) − θ)2] = arg min
f

E[f (X)2 − 2Xf (X − 1)] .

ferm ∈ arg min
f∈F

Ê[f (X)2−2Xf (X−1)] F = {f : f (x) ≤ f (x+1), ∀x ≥ 0} .

Mixture p(X|θ) ERM Objective

Geo(θ) θX(1 − θ) Ê[f (X)2 − 2f (X) + 2f (X − 1)1{X>0}]
NB(r, θ)

(k+r−1
k

)
(1 − θ)rθk Ê[f (X)2 − 2X+1

X+rf (X − 1)1{X>0}]

N (θ, 1) 1√
2π

exp
(

−(X−θ)2
2

)
Ê[f (X)2 − 2Xf (X) + 2f ′(X)]

Exp(θ) θ exp(−θX) Ê[f (X)2 − 2f ′(X)]

Table 1. ERM objectives for other mixture models.

ERMAlgorithm (Generalized Isotonic Regression)

Iterative interval partitioning (stop at bm = Xmax + 1).

bi =


1 i = 0

1 + arg minbi−1≤i∗≤Xmax

∑i∗
i=bi−1

(ai+1)N(ai+1)∑i∗
i=bi−1

N(ai)
i ≥ 1

x ∈ [bm, bm+1 − 1] : f̂erm(x) =
∑bm+1−1

i=bm
(ai + 1)N(ai + 1)∑bm+1−1

i=bm
N(ai)

.

ERM lemma: f̂erm ≤ Xmax ∈ O(log n) w.h.p.

One-Dimensional Optimality

Bounded prior: π ∈ P([0, h]): Regretπ(f̂erm) ≤ O

(
max{1,h}3

n

(
log n

log log n

)2
)
.

Subexponential prior: π ∈ SubE(s) =
{

G : G([t, ∞)]) ≤ 2e−t/s, ∀t > 0
}
.

Regretπ(f̂erm) ≤ O

(
max{1, s}3

n
(log n)3

)
.

Multi-dimensional ERM

θi
iid∼ π Xij

ind∼ Poi(θij), j = 1, · · · , d.

f̂erm = arg min
f∈F

Ê

||f (X)||2 − 2
d∑

j=1
Xjfj(X − ej)

 ,

F ={f : Zd
+ → Rd

+ : fi(x) ≤ fi(x + ei), ∀i = 1, · · · , d, ∀x ∈ Zd
+}.

Fig. 1. θi
Unif∼ triangle. Fig. 2. Xi

ind∼Poi(θi) Fig. 3. Denoised via f̂erm.

π ∈ P([0, h]d) : Regretπ(f̂erm) ≤ O(d

n
max{c1, c2h}d+2( log(n)

log log(n)
)d+1)

π1, · · · , πd ∈ SubE(s) : Regretπ(f̂erm) ≤ O(d

n
(max{c3, c4s} log(n))d+2)

Proof Techniques: Localization, Offset Rademacher

Localized function class: F∗ , {f ∈ F : f ≤ Xmax ∨ X ′
max}.

Regretπ(f̂ ) ≤ 3
n

T1(n) + 2
n

T2(n)

T1(n) = E

 sup
f∈F∗

n∑
i=1

(εi − 1
6
)(f (Xi) − f∗(Xi))2

 ,

T2(n) = E

[
sup

f∈F∗

n∑
i=1

{
2εi(f∗(Xi)(f∗(Xi) − f (Xi))

− Xi(f∗(Xi − 1) − f (Xi − 1))) − 1
4
(f∗(Xi) − f (Xi))2

}]
.

π ∈ P([0, h]): T1(n), T2(n) . max{1, h2}M + max{1, h}M2;
M ∈ O(E[Xmax]);
π ∈ SubE(s): prior truncation → P([0, cs log n]).
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